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weight A-modules are classified. 

Key Words: Prime ideal, maximal ideal, primitive ideal, simple module, torsion module, 
algebra automorphism, quantum algebra. 

Mathematics subject classification 2010: 17B10, 16D25, 16D60, 16D70, 16P50, 17B37, 
17B40. 


Contents 

1 Introduction 1 

2 Prime spectrum of the algebra A 2 

3 The automorphism group of A 11 

4 Classification of simple unfaithful A-modules 12 

5 Classification of simple weight/K[A^^]-torsion A-modules 15 


1 Introduction 

Let K be a filed and an element g G K* := K \ {0} which is not a root of unity. The algebra 
IKq[V, Y] := K(V, Y \ XY = qYX) is called the quantum plane. A classification of simple modules 
over the quantum plane is given in [9]. The quantized enveloping algebra Uq{5l2) of s [2 is generated 
over K by elements E,F,K and K~^ subject to the defining relations: 

KEK-^ = q^E, KER-^ = q-^E, EE - FE = ^ ~ . 

q-q 

For basic properties and representation theory of the algebra Uq(sl 2 ) the reader is referred to 
[29, 34]. The simple Uq(s[ 2 )-modules were classified in [5], see also [8], [9] and [10]. The quantum 
plane and the quantized enveloping algebra Uq{sl 2 ) are important examples of generalized Weyl 
algebras and ambiskew polynomial rings, see e.g., [7] and [32]. Let U^°{sl 2 ) be the ‘positive part’ 
of Uq{sl 2 ). It is the subalgebra of Uq{sl 2 ) generated by and E. There is a Hopf algebra 
structure on U^^{5l2) defined by 

X{K) = K®K, e{K) = l, S{K) = K-^, 

X{E) = E®l + K®E, e{E)=Q, S{E) = -K-^E. 

The notion of smash product has proved to be very useful in studying Hopf algebra actions [41]. 
For example, the enveloping algebra of a semi-direct product of Lie algebras can naturally be seen 
as a smash product algebra. The smash product is constructed from a module algebra, see [41, 
4.1] for details and examples. We can make the quantum plane a { 512 )-module algebra by 
defining 

K ■X = qX, E-X = Q, K Y = q-^Y, E-Y = X, 
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and introduce the smash product algebra A := F] xi [/^^(sl 2 ). We call this algebra the 

quantum spatial ageing algebra. The defining relations for the algebra A are given explicitly in the 
following definition. 

Definition. The quantum spatial ageing algebra A = Kg[X, Y] x {7^°(s[2) is an algebra generated 
over K by the elements E, K, K~^, X and Y subject to the defining relations: 

EK = q~^KE, XK = q~'^KX, YK = qKY, (1) 

EX = qXE, EY = X + q~^YE, qYX = XY. (2) 

The algebra A can be seen as the quantum analogue of the enveloping algebra f7(a) of the 4- 
dimensional (non-semisimple) Lie algebra a with basis {h,e,x,y} and Lie brackets: 

[h,e] = 2e, [h,x]=x, [h,y] = -y, [e,a:]=0, [e,y]=x, [x,?/] = 0. 

The Lie algebra a is called the 1-spatial ageing algebra, it is studied in [39] where all the simple 
weight modules are classified. Our aim is to study the structure of the algebra A and its represen¬ 
tation theory. For an infinite dimensional non-commutative algebra, to classify its simple modules 
is a very difficult problem, in general. The known examples of algebras for which the simple 
modules were classified are mainly generalized Weyl algebras, see e.g. [5, 7, 8, 9, 10, 12, 13, 15] 
and Ore extensions with Dedekind ring as coefficient ring, [12]. In the paper, we classify all sim¬ 
ple unfaithful .4-modules and the simple weight modules. Weight modules for certain (quantum) 
algebras of small Gelfand-Kirillov dimension are treated in [18, 19, 20, 21, 45, 46]. 

The paper is organized as follows. In Section 2, we describe the partially ordered sets of the 
prime, maximal and primitive ideals of the algebra A. Using this description the prime factor 
algebras of A are given explicitly via generators and relations (Theorem 2.9). There are nine 
types of prime factor algebras of A. For two of them, ‘additional’ non-obvious units appear 
under factorization at prime ideals. It is proved that every prime ideal of A is completely prime 
(Corollary 2.13). In Section 3, the automorphism group of A is determined, which turns out to 
be a ‘small’ non-commutative group that contains an infinite discrete subgroup (Theorem 3.1). 
The orbits of the prime spectrum under the action of the automorphism group are described. In 
Section 4, we classify all simple unfaithful .4-modules. This is the first instance where such a large 
class of simple modules is classified for a quantum algebra of Gelfand-Kirillov dimension larger 
than 2. In Section 5, we find the centralizer Ca{K) of the element K in the algebra A and give a 
classification of all simple weight .4-modules. 

The prime or/and primitive ideals of various quantum algebras (and their classification) are 
considered in [16, 17, 22, 25, 26, 27, 28, 35, 38, 40, 43]. The automorphism group of some (quantum) 
algebras are considered in [1, 2, 14, 23, 33, 36, 37, 44]. 

2 Prime spectrum of the algebra A 

The aim of this section is to describe the prime, maximal and primitive spectrum of the algebra A 
(Theorem 2.9, Gorollary 2.10 and Proposition 2.12). Every prime ideal of A is completely prime 
(Gorollary 2.13). For all prime ideals P of A, the factor algebras A/P are given by generators 
and defining relations (Theorem 2.9). 

Generalized Weyl algebra. Definition, [3, 4, 7]. Let Z? be a ring, a be an automorphism of D 
and a is an element of the centre of D. The generalized Weyl algebra A := D{a, a) := D[X, Y;a,a\ 
is a ring generated by D, X and Y subject to the defining relations: 

Xa = a{a)X and Ya = a~^{Q.)Y for all a € D, YX = a and XY = a{a). 

The algebra A = ©„gz is Z-graded where A^ = Dvn, = X” for n > 0, for n < 0 

and vq = 1. It follows from the above relations that VnVm = (n,m)vn-t-m = for some 

(n, m) and (n, m) € D. If n > 0 and m > 0 then 

n>m: (n, —m) = (T"(a) • • • cr"'“™'''^(a), (—n, m) = CT“"'''^(a) • • • tT“"+™(a), 

n < m : {n,—m)=a^{a)---a{a), (—n,m) = cr“"^^(a) • • • a, 
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in other cases {n,m) = 1. Clearly, {n,m) = cr“"“'"((n, m)). 

Definition, [6]. Let D be an ring and cr be its automorphism. Suppose that elements b and 
p belong to the centre of the ring D, p is invertible and cr(p) = p. Then E := D{a;h,p) := 
D[X, Y-,a,b, p] is a ring generated by D, X and Y subject to the defining relations: 

Xa = a{a)X and Ya = a~^{a)Y for all a G D, and XY — pYX = b. 

If D is commutative domain, p = 1 and b = u — cr{u) for some u G D (resp., if Z) is a 
commutative finitely generated domain over a field K and p G K*) the algebras E were considered 
in [30] (resp., [31]). 

The ring E is the iterated skew polynomial ring E = D\Y]a~^]\X',a,d] where d is the cr- 
derivation oi D\Y■, a~^] such that dD = 0 and dY = b (here the automorphism a is extended from 
D to D\Y-,a~^] by the rule a{Y) = pY). 

An element d of a ring D is normal if dD — Dd. The next proposition shows that the rings E 
are GWAs and under a certain (mild) conditions they have a ‘canonical’ normal element. 

Proposition 2.1. Let E = D[X,Y■,a,b, p]. Then 

1. [6, Lemma 1.2] The ring E is the GWA D[H][X,Y] a, H] where cr{H) = pH + b. 

2. [6, Lemma 1.3] The following statements are equivalent: 

(a) ]6, Corollary l.f] C = p(YX + a) = XY + cr(a) is a normal element in E for some 
central element a G D, 

(b) pa — cr(Q;) = b for some central element a G D. 

3. ]6, Corollary l.f] If one of the equivalent conditions of statement 2 holds then the ring 
E = D[C] [A, Y-,a,a = p~^C — a] is a GWA where cr((7) = pC. 

The algebra E is a GWA. Let E be the subalgebra of A generated by the elements X, E 
and Y. The generators of the algebra E satisfy the defining relations 

EX = qXE, YX = q-^XY and EY - q-^YE = X. 

So, E = IK[A][A, Y-,a,b = X, p = g“^] where (j{X) = qX. The polynomial a = _f_ is a solution 
to the equation q~^a—a{a) = X. By Proposition 2.1, the algebra E = IK[A, C][E, Y-,a,a = qC—a] 
is a GWA where cr(A) = qX,a{C) = q~^C and C = q~^{YE+ = EY + is a normal 

element of the algebra E. Then the element p = q{q~^ — q)C is a normal element of the algebra 
E. Clearly, p = {q~^ — q)YE + A = (1 — q^)EY + q^X. Then 

¥. = K[X,p\[E,Y-a,a = ^^^] (3) 

is a GWA where cr(A) = qX and (j{p) = q~^p. So, the algebra 

A = E[A:±1;t] (4) 

is a skew Laurent polynomial algebra where t{E) = q^E, r(A) = qX, t{Y) = q~^Y and t{p) = qp. 
The algebra A is a Noetherian domain of Gelfand-Kirillov dimension GK (A) = 4. 

Let xi,X 2 ,xz be a permutation of the elements X,Y,E. Then {K''x°‘\i G Z, a G N^} is 
a K-basis for the algebra A where x°‘ = x^^xf^xf^ and a = (ai,Q! 2 ,a 3 ). The standard fil¬ 
tration associated with the canonical generators of the algebra A is equal to {Fn}n^o where 
En = X]|i|-i-|a|^ra where [a] = Oi -f a 2 + 0 : 3 - Therefore, the Gelfand-Kirillov dimension of 

the algebra A is equal to GK (A) = 4. 

For a left denominator set 5 of a ring R, we denote by S~^R = {s“^r \ s G S,r G R} the left 
localization of the ring R at S. If the left denominator set S is generated by elements Ai,..., A„, 
we also use the notation Rxi,...,Xn to denote the ring S~^R. If M is a left i?-module then the 
localization S~^M is also denoted by 
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Lemma 2.2. The following identities hold in the algebra A. 

1. EY'- = + q-^Y^E. 

2. YE'- = q'E'Y - '^'^IZ'^p XE'-^. 

Proof. Both equalities can be proved by induction on i and using the relation EY = X + q~^YE. 

□ 

By Lemma 2.2, the set Sy ■= | i ^ 0} is a left and right Ore set in the algebra A. Note 

that the algebra U^^{sl 2 ) is the localization of its subalgebra, the quantum plane K{K,E \KE = 
q^EK), at the powers of the element K. Let Ay be the localization of A at the powers of Y. 
Recall that (p = EY — qYE = X + {q~^ — q)YE, we have 

Xip = ipX, Y p = qpY, Ep = q~^pE, Kp = qpK. (5) 

So, the element is a normal element of the algebra A. Recall that an element x of an algebra A 
is called a normal element if xA = Ax. Then 

Ay = K{K^\E,Y^\X) =K{K^\p,Y^\X) =K[p,X][Y^^-a][K^^;T] (6) 

is an iterated skew polynomial ring where cr is the automorphism of X] defined by cr{p) = qp, 
cj{X) = q~^X\ and r is the automorphism of the algebra K[(^, cr] defined by T{p}) = 

qp,T{X) = qX,T(Y) = q~^Y. Let Ay^x.ip be the localization of Ay at the denominator set 
{X'p^ \i,j e N}, then Ay^x.ip = cr][itr=*=^; t] is a quantum torus. For an algebra 

A we denote by Z{A) its centre. The next result shows that the algebra A and some of its 
localizations have trivial centre. 

Lemma 2.3. 1. Z{Ay^x,ip) = K. 

2. Ay^x.tf is a simple algebra. 

3. Z{Ay) = K. 

4. Z{A) = K. 

Proof 1. Let u = Y.otppk.iP^X^Y^K^ e Z{Ay^x,v), where C(i,j,k,i S K and i,j,kJ € Since 
Ku = uK, we have i + j — k = Q. The equality Xu = uX implies that k — I = 0. Similarly, the 
equality Yu = uY implies that i— j + l = 0. Finally, using pu = up we get —k — I = 0. Therefore, 
we have i = j = k = l = 0, and so m e K. Thus Z{Ay^x,<p) = K- 

2. By [24, Corollary 1.5.(a)], contraction and extension provide mutually inverse isomorphisms 
between the lattices of ideals of a quantum torus and its centre. Then statement 2 follows from 
statement 1. 

3. Since K C Z{Ay) C Z{Ay,x,(p) H Ay = K, we have Z{Ay) = K. 

4. Since K C Z{A) C Z{Ay) fl U = K, we have Z{A) = K. □ 

Lemma 2.4. The algebra Ax,lp is a central simple algebra. 

Proof. By Lemma 2. 3.(1), the algebra Ay^x.ip is central, hence so is the algebra Ax,^p- By Lemma 
2.3. (2), the algebra {Ax,^p)Y = Ay^x.tp is a simple Noetherian domain. So, if / is a nonzero ideal 
of the algebra Ax.^p then ly is a nonzero ideal of the algebra Ay^x.^p, i-C., ly = Ay,x,<p, and so 
Y' G I for some i ^ 0. To finish the proof it suffices to show that 

(y®) = Ax,If for all i > 1. (7) 

To prove the equality we use induction on i. Let i = 1. Then X = EY — q~^YE G (Y). Since X 
is a unit of the algebra Ax,<p, the equality (7) holds for * = 1. Suppose that i ^ 1 and equality (7) 
holds for all i' such that i' < i. By Lemma 2. 2.(1), Y'~^ G (Y'). Hence, {Y') = iY'~^) = Ax.p, 
by induction. □ 


4 




By (3), the localization of the algebra E at the powers of the element Y is the skew Laurent 
polynomial algebra Ey = K[X, where (j(X) = qX and cr{(p) = Similarly, 

E^; = K[X, cr] ~ Ey where <7{X) = qX and <7{ip) = q~^(p. So, Ay = Ey[iL^^;T]. The 

element (/? is a normal element of the aglebras E and A. So, the localizations of the algebras Ey 
and Ay at the powers of (f are as follows 

Ey.^ = K[X,^±i][y±i;a-i] and ^y.^ = Ey.^[if r]. (8) 

Now, we introduce several factor algebras and localizations of A that play a key role in finding 
the prime spectrum of the algebra A (Theorem 2.9) and all the prime factor algebras of A (Theorem 
2.9). In fact, explicit sets of generators and defining relations are found for all prime factor algebras 
of A (Theorem 2.9). Furthermore, all these algebras are domains, i.e., all prime ideals of A are 
completely prime (Corollary 2.13). For an element a of an algebra A, we denote by (a) the ideal 
it generates. 

The algebra AI{X). The element X is a normal element in the algebras E and A. By (3), 
the factor algebra 


E/(X) = IK[yj][F;,y;cr,a = _ ^ ], cr((/j) = g V, (9) 

is a GWA. Since YE = g-i_q ,EY = q~^ q-^-q ~ the algebra 

E/{X):^K{E,Y\EY = q-^YE) (10) 

is isomorphic to the quantum plane. It is a Noetherian domain of Gelfand-Kirillov dimension 2. 
Now, the factor algebra 


A/(A):^E/(A)[iL±i;T] (11) 

is a skew Laurent polynomial algebra where t{E) = q^E and t{Y) = q~^Y. It is a Noetherian 
domain of Gelfand-Kirillov dimension 3. The element of the algebra A/(X), Z := (pYK~^ = 
(1 — q^)EY^K~^, belongs to the centre of the algebra A/{X). By (8), the localization of the 
algebra A/{X) at the powers of the central element Z, 

( 12 ) 

1 ^ )Y,ip 

is the tensor product of algebras where the algebra Y := r] is a central simple algebra 

since t{Y) — q~^Y and q is not a root of unity. Hence, the centre of the algebra {A/{X))z is 
IIC[Z±i]. The algebra {A/{X))z is a Noetherian domain of Gelfand-Kirillov dimension 3. 

Lemma 2.5. 1. Z{A/{X)) =K[Z]. 

g. Z((A/(A))J =K[Z±i]. 

Proof. Z{A/iX)) = A/(A)nz((A/(X))^) = A/(A)nK[Z±i] =IIC[Z], by (11). □ 

The algebra A/{(f). The element is a normal element in the algebras E and A. By (3), 
the factor algebra 


E/{f)=K[X][E,Y-a,a = -^^^], a{X) = qX, 

is a GWA. Since YE = — and EY = q{— = qYE, the algebra 

E/{f) ~ K{E, Y\EY = qYE) 


(13) 


(14) 
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is isomorphic to the quantum plane. It is a Noetherian domain of Gelfand-Kirillov dimension 2. 
Now, the factor algebra 


A/{>p) :^V./{lp)[K^^-,t] (15) 

is a skew Laurent polynomial algebra where t{E) = q^E and t{Y) = q~^Y. The algebra A/ {(f) is 
a Noetherian domain of Gelfand-Kirillov dimension 3. The element C := XYK G A/{f) belongs 
to the centre of the algebra Aj {f). 

The localization Ex,f of the algebra E at the Ore set S = {X^'Y^ \ i,j € N}, 

Ex,y =K[X±\(^][y±i;a-i], a{X)=qX, aif) = q-^f, (16) 


is a skew Laurent polynomial algebra. Then the localization Ax,y of the algebra A at the Ore 
set S is equal to Ax,y = ^x,y[K'^^]t]. By (14) and (15), the localization of the algebra A/{f) 
at the powers of the element C, 


/ -4 \ ^ Ax,y 

\(f)/c (f)x,Y 



(17) 


is a tensor product of algebras where Y is the central simple algebra as in (12). Hence, the centre 
of the algebra {A/{f))^ is 

Lemma 2.6. 1. Z{A/{f)) =IK[C]. 

z{{A/{f))^) = 

Proof. Z{A/{f)) = A/if) n z({A/{f))^) = .4/((^) O = K[C], by (15). □ 

For an algebra A, Spec (H) is the set of its prime ideals. The set (Spec (H), C) is a partially 
ordered set (poset) with respect to inclusion. Let f : A ^ B he an algebra epimorphism. Then 
Spec (B) can be seen as a subset of Spec (H) via the injection Spec (B) Spec (H), p h> /“^(p). 
So, Spec (H) = {q g Spec (H) |ker(/) C q}. Given a left denominator set S of the algebra A. 
Then cr : H a i—>■ s~^a, is an algebra homomorphism. If the algebra H is a Noetherian 

algebra then Spec (5“^H) can be seen as a subset of Spec (H) via the injection Spec (<S“^H) — 
Spec(H), q cr“^(q). 

Let i? be a ring. Then each element r G R determines two maps from R to R, r- ■. x (-G rx 
and -r : X xr where x G R. Recall that for an element r G R, we denote by (r) the ideal of R 
generated by the element r. 

Proposition 2.7. Let R be a Noetherian ring and s be an element of R such that Sg '■= {s* | i G N} 
is a left denominator set of the ring R and (s®) = (s)® for all i ^ 1 (e.g., s is a normal element 
such that ker(-s/i) C ker(s/i-) ). Then Spec (i?) = Spec(i?, s) U SpeCg(i?) where Spec(i?, s) := {p g 
Spec {R) I s G p}, SpeCj,(i?) = {q g Spec (R) | s ^ q} and 

(a) the map Spec (i?, s) -G Spec (i?/(s)), p p/(s), is a bijection with the inverse q 7 r“^(q) 
where tt : i? —5> R/{s), r t-P' r + {s), 

(b) the map SpeCs(i?) —>• Spec (i?s), P ^J^p, is a bijection with the inverse q i—?■ cr“^(q) where 
a : R ^ Rg := Sf^R^ r i-G- j. 

(c) For all p g Spec (i?, s) and q g SpeCs(i?), p ^ q. 

Proof. Clearly, Spec (R) = Ai U Hq is a disjoint union where Ai and Aq are the subsets of Spec (i?) 
that consist of prime ideals p of i? such that p fl <5^ 7 ^ 0 and p fl 5s =0, respectively. If p g Hi 
then s® g p for some i ^ 1, and so p H (s®) = (s)®, by the assumption. Therefore, p 3 (s) (since 
p is a prime ideal), i.e., p 9 s. This means that Hi = Spec (i?,s). We have shown that s g p iff 
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s* G p for some i > 1. By the very definition, Aq = Spec (R) \ = Spec (R) \ {p G Spec {R) \ s G 

p} = {p G Spec (A) I s ^ p} = Spec,(i?). 

The statement (a) is obvious since s G p iff (s) C p. The ring R is Noetherian, by [42, 
Proposition 2.1.16.(vii)], the map SpeCs(i?) = {p G Spec (i?) | p fi 5s = 0} —>• Spec (i?s), P 57^p 
is a bijection with the inverse q i—?> (T“^(q) and the statement (b) follows. The statement (c) is 
obvious. □ 

In the proof of Theorem 2.9 the following very useful lemma is used repeatedly. 

Lemma 2.8. Let A be a ring, S be a left denominator set of A and a : A ^ 5“^^, a >—)■ j. Let 
q &e o completely prime ideal of S~^A, p be an ideal of A such that p C CT“^(q) and 5“^p = q. 
Then p = tT“^(q) iff A/p is a domain. 

Proof. (=>) Since A/cr“^(q) C S~^A/(\ and S~^A/c\ is a domain (since q is a completely prime 
ideal), the algebra A/a~^{p) is a domain. 

(<;=) The left 5”^A-module 5“^ (A/p) ~ 5“^A/5“^p ~ S~^A/(\ is not equal to zero. In 
particular, 5 fl p = 0. So, for all s G 5, the elements s + p are nonzero in A/p. Since A/p is a 
domain, tor 5 (A/p) = 0. Clearly, cr“^(q)/p C tor 5 (A/p). Hence, p = cr“^(q). □ 

The prime spectrum of the algebra A. The key idea in finding the prime spectrum of 
the algebra A is to use Proposition 2.7 repeatedly and the following diagram of algebra homomor- 
phisms 


A 


A/[X) 


Ax 


Ax, I 


Ax/(‘fi)x 


A/(X,Z) (A/(X)), 


U = A/(X,Z,Y) {A/{X,Z))^^Y 


L = U/{E) Ue 

(where L = and U := ?7|'°(s[2)) 


(18) 


that explains the choice of elements at which we localize. Using (18) and Proposition 2.7, we 
represent the spectrum Spec {A) as the disjoint union of the following subsets where we identify 
the sets of prime ideals via the bijections given in the statements (a) and (b) of Proposition 2.7: 


Spec (A) = Spec (L) U Spec (C/e) U Spec (Y) 

U Spec ((A/(/f))z) Spec (Ax /((/>)x) U Spec (Ax, ^p)- (19) 

A prime ideal p of an algebra A is called a completely prime ideal if A/p is a domain. We denote 
by SpeCj,(A) the set of completely prime ideals of A, it is called the completely prime spectrum of 
A. The theorem below gives an explicit description of the prime ideals of the algebra A together 
with inclusions of prime ideals. 

Theorem 2.9. The prime spectrum Spec (A) of the algebra A is the disjoint union of sets (19). 
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More precisely, 


{{Y,E,p)\p eM&^(K[K,K-^])} 

{Y,E) 

/\ 

{(X,q)|q£Max(K[^])\{(Z)}} (F) (E) r) | r G Max (K[C]) \ {(C)}} 



where 

1. Spec (L) = {{Y,E,p) Ip G Spec (K.[iG*^])} and A/{Y, E,p) ^ L/p where L = K[i^=*=^]. 

2. Spec(C/E) = {(r)}, (r) = {X,Y) = (X,Z,Y) andAI(Y) ~ ]K[i;][ii:±i;r] where t(E) = 
q^E. 

3. Spec(Y) = {{E)}, (E) = {E,X) = {E,ip) and A/{E) ~ K[F][X±1;t] where t{Y) = q-^Y. 
I Spec {{A/{X))z) = {(X), (X, q) I q G Max(K[Z]) \ {{Z)}}, Z = pYK-\ 

(a) A/{X) c^'E,/{X)\K^^-, t\ is a domain (see (11)), and 

(b) Aj {X, q) ~ (x^qf' Y — LqZiY is a simple domain which is a tensor product of algebras 
where Lq := K[Z]/q is a finite field extension o/K. 

5. Spec (^) = {(v:^), r) | c G Max(K[C'])\{(C)}}, C = XYK, ^ ^ ^ K[C±i]®Y, 

(a) A/ig>) =E/{g>)[K^^;T] is a domain (see (15)). 

(b) Aj {}p, c) ~ — Lt 'Z)Y is a simple domain which is a tensor product of algebras 

where := K[C]/r is a finite field extension o/K. 

6. Spec (Ax.ip) = (Oj. 

Proof. As it was already mentioned above, we identify the sets of prime ideals via the bijection 
given in the statements (a) and (b) of Proposition 2.7. Recall that the set Sx = {Ai* 1 1 G N} is a 
left and right denominator set of A and Ax '= S^^A ~ AS^^ is a Noetherian domain (since A 
is so). The element A is a normal element of A. By Proposition 2.7, 

Spec (A) = Spec (A, A) U Spec(Ax) (21) 

and none of the ideals of the set Spec (A, A) is contained in an ideal of the set Spec (Ax)- Similarly, 
the element ip is a normal element of Ax and, by Proposition 2.7 

Spec (Ajf ) = Spec (^(A/(v 5))^) U Spec (Ax, i^)- (22) 

By Lemma 2.4, the algebra Ax.tp is a simple domain. Hence, Spec (Ax,tp) = {0}, and statement 
6 is proved. 

(vJx ~ ~ KIC^^] (8) Y: The second isomorphism holds, by (17). Using the equalities 

p = (< 7 “^ — q)YE + A = (1 — q^)EY + q^X we see that the elements Y and E are invertible in 
the algebra and so the first isomorphism holds. 










(ii) A/{ip,'c) ~ (i^z)xY — ® ^ prime ideals r S Max(K[C']) \ {(C)}: Since r 7 ^ (C), 

the non-zero element C = XYK G is invertible in the field Lf Hence, the elements X and Y 
are invertible in the algebra A/{ip^t). Hence, 


A/[if,Y, 


Ax,r 

((P,v)x,y' 


(23) 


Now, the statement (ii) follows from (23) and the statement (i). 

(hi) Statement 5 holds: Recall that the algebra Y is a central simple algebra. By the statement 
(i), the set Spec (^x/(i^)x), as a subset of Spec(^), is equal to {.4 n {'p)x, -4 n {<f,t)x 1 & 
Max(K[C']) \ {(C)}}. It remains to show that ^fl {(p)x = (‘p) and ^fl ((p,v)x = (‘PX)- The 

second equality follows from the statement (ii) since (<p, r) C AC\{(p, r)x C ( 1 ^, r)x,y —^ c)- 

Since Y is a central simple algebra, the statement (b) of statement 5 follows. The statement (a) 
of statement 5 is obvious (see (15)). Hence, ((/?) = ACi ip>)x, by Proposition 2.8. So, statement 5 
holds. 

By Proposition 2.7, 


Spec {A/{X)) = Spec {A/{X, Z)) U Spec {{A/{X))^) (24) 

and none of the ideals of the set Spec {A/{X, Z)) is contained in an ideal of the set Spec {{A/{X))z)- 

(iv) A/{X, q) ~ “ Tq®Y is a simple domain for all prime ideals q G Max(IK[.Z])\{(.Z)}: 

Since q (Z), the non-zero element Z = ifYK~^ G is invertible in the field L^. Hence, the 
elements (p and Y are invertible in the algebra A/{X, q). Therefore, 


^/(X,q) 


{X, q)Y,ip 


(25) 


Now, by (12), the statement (iv) holds. 

(v) Statement 4 holds: The algebra Y is a central simple algebra. By (12), the set Spec {{A/{X))z)^ 
as a subset of Spec (.4), is equal to {Ad (X)x,vj,.4n (X, q)x_,^|q e Max(IK[Z]) \ {{Z)}}. We 
have to show that A fl {X)Y,ip = (X) and A fl (X, q)x_,^ = (X, q). The last equality follows 
from the statement (iv) (the algebra A/{X, q) is simple and (X, q) C n (X, ci)y,ip ^ -4, hence 
(X,q) = (X,q)y,^). Now, the statement (b) of statement 4 holds. The statement (a) is 

obvious, see (11). Hence, (X) = (X)y^c^, by Proposition 2.8. So, the proof of the statement 

(v) is complete. 

In the algebra A, using the equality <p = X + {q~^ — q)YE we see that 


Z = ipYK-^ = {q-^-q)YEYK-^ = {l-q^)EY'^K-^ mod (X). (26) 


(vi) (y) = (X, Y) = (X, Z, Y): The first equality follows from the relation X = EY — q~^YE. 
Then the second equality follows from (26). 

(vii) (E) = {E,X) = {E,ip): The first equality follows from the relation X = EY — q~^YE. 
Then the second equality follows from the definition of the element (f = X + {q~^ — q)YE. 

(viii) The elements Y and E are normal in A/{X): The statement follows from (10) and (11). 

(ix) ^ (x\) ) — ((^) — Y zs o simple domain: By (26), (X, Z) = {X,EY'^) C {X,E) 

{E), hence {X,EY^)y = {X,E)y = {E)y, by the statement (vii). Now, by (11), ^ (x\) ) — 

Ay Ay ^ ( A A ^ ^ 

{X,Z)y - {E)y - {{X,E)Jy - “■ 

By the statement (viii) and Proposition 2.7, 

Spec (^/(X, Z)) = Spec (^/(X,Z,r)) U Spec ((^/(X, Z))^). (27) 

By the statement (vi), A/{X, Z,Y) ~ A/{X,Y) ~ 17 := [/^^(sb). By the statement (ix), 
(A/{X,Z))yO,Ay/(E)y:^ Y is a simple domain. So, the set Spec ((^/(X, Z))^), as a subset 
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of Spec(^), consists of the ideal {E). In more details, since {X,Z) C [E), (X,Z)y = (E)y (see 
the proof of the statement (ix)) and A/{E) = A/{E,X) = K[F][itr=*=^ ; r] is a domain, the result 
follows from Proposition 2.8. So, statement 3 holds. 

The element if is a normal element of the algebra U. By Proposition 2.7, 

Spec(17) = Spec(17/(i;)) U Spec (Ue). (28) 

Since L = U/{E), statement 1 follows. The algebra Ue — K[if^^][iir^^; r] is a central simple 
domain. Since U = A/{Y) = AI{X, Z,Y) (the statement (vi)) is a domain, the set Spec (Ue), as 
a subset of Spec (^), consists of a single ideal (F), and statement 2 follows. 

We proved that (19) holds. Clearly, we have the inclusions as on the diagram (20). It remains 
to show that there is no other inclusions. The ideals (F, if,p), (X, q) and (</5,r) are the maximal 
ideals of the algebra A (see statement 1, 4, and 5). By (25) and the relations given in (20), there 
are no additional lines leading to the maximal ideals (X, q). Similarly, by (23) and the relations 
given in (20), there are no additional lines leading to the maximal ideals (</5,r). The elements X 
and ip are normal elements of the algebra A such that (X) % {(p) and (X) 2 {‘P)j by (4). The 
proof of the theorem is complete. □ 

For an algebra A, Max(7l) is the set of its maximal ideals. The next corollary is an explicit 
description of the set Max(^). 

Corollary 2.10. Max(y4) = V Li Q U 7^ where V := {(Y,E,p) |p € Max(K[iF,iF“^])}, Q := 
{(X,q)|q eMax(K[Z])\{(Z)}} andlZ-- {((/J,r) | r S Max(K[C]) \ {(C)}}. 

Proof. The corollary follows from (20). □ 

Let M be an .4-module, a € A and om- '■ M ^ M, m am. The ideal of A, ann^(M) := 
{a G .4| aM = 0} is called the annihilator of M. The 4l-module is called faithful if it has zero 
annihilator. The next corollary is a faithfulness criterion for simple 4l-modules. 

Corollary 2.11. Let M be a simple A-module. Then M is a faithful A-module iff her^XM-) = 
ker((pM-) = 0 iff Mx 0 and 0 (where Mx and are the localizations of the A-module 

M at the powers of the elements X and ip, respectively). 

Proof. The M-module is simple, so ann^(M) G Spec (.4). The elements X and ip are normal 
elements of the algebra A. So, kei{XM-) and ker{ipM-) are submodules of M. Either ker{XM-) = 0 
or ker(XM') = M, and in the second case ann_ 4 (M) A (X). Similarly, either kei{ipM') = 0 or 
ker{ipM-) = M, and in the second case ann^(M) D (ip). Conversely, if ann_ 4 (M) = 0 then 
ker(FrM-) = ker{(pM-) = 0. If ker(XM') = ker{ipM-) = 0 then ann^(M) = 0, by (20). So, the first 
‘iff’ holds. 

For a normal element u = X,ip, ker(ttM-) = 0 iff jL 0. Hence, the second ‘iff’ follows. □ 

Let A be an algebra. The annihilator of each simple A-module is a prime ideal. Such prime 
ideals are called primitive and the set Prim (A) of all of them is called the primitive spectrum of 

A. 

Proposition 2.12. Prim(A) = Max(A) U {(F), (E), 0}. 

Proof. Clearly, Prim(A) A Max(A). The ideals (X), (ip) and {Y,E) are not primitive ideals as 
the corresponding factor algebras contain the central elements Z, C and K, respectively. 

(i) Let us show that (F) G Prim(A). For A G K*, let />, = (F) -|- A{E — A). Since Aj (F) ~ U, 

the left A-module M(A) := A/I{\) ~ U/U{E — A) ~ is a simple A-module/t/-module 

where 1 = 1-1- /(A). By the very definition, the prime ideal a := ann^(M(A)) contains the ideal 
(F) but does not contain the ideal (Y,E) since otherwise we would have 0 = El = A1 ^ 0, a 
contradiction. By (20), a = (F). 

(ii) Let us show that {E) G Prim(A). By Theorem 2.9, (E) = {E,X) and A := A/{E) cs 
IK[F][iG±i;CT] where ct(F) = q-^Y. For A G K*, the A-module r(A) := A/A(F - A) ~ K[iG±i]i 
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is a simple module (since q is not a root of 1), where 1 = 1 + A(Y — A). Clearly, the prime ideal 
b := ann^(r(A)) contains the ideal {E) but does not contain the ideal {Y,E) since otherwise we 
would have 0 = yi = Al7^0, a contradiction. By (20), b = (E). 

(iii) By Theorem 5.5, 0 is a primitive ideal of A. □ 

Corollary 2.13. Every prime ideal of the algebra A is completely prime, i.e., SpeCg(.4) = 
Spec (^). 

Proof. See Theorem 2.9. □ 


3 The automorphism group of A 

In this section, the group G := AutK(^) of automorphisms of the algebra A is found (Theorem 
3.1). Corollary 3.2 describes the orbits of the action of the group G on Spec (A) and the set of 
fixed points. 

We introduce a degree filtration on the algebra A by setting deg(iC) = deg(i4r“^) = 0 and 
deg(i?) = deg(Ar) = deg(y) = 1. So, A = UneN-^W where A[n] = ^ with 

deg{X^Y^E’^K’-) := i + j + k ^ n. Let gr Al := ~ (where Al[—1] := 0) be the 

associated graded algebra of A with respect to the filtration {A[n]}n^o- For an element a & A, 
we denote by gra S gr A the image of a in grAl. It is clear that grA is an iterated Ore exten¬ 
sion, grA ~ K[A][y;a][i?;/ 3 ][if=*=^; 7 ] where a{X) = q~^X, /3{X) = qX, j3(Y) = q~^Y, 7 (A) = 
qX, 7 (y) = q~^Y and 'y{E) = q'^E. In particular, gr A is a Noetherian domain of Gelfand-Kirillov 
dimension GK (gr A) = d and the elements X, Y and E are normal in gr A. 

The group of units A* of the algebra A is equal to | z S Z} = K* x {K) where (K) = 

{IC* I z G Z}. The next theorem is an explicit description of the group G. 

Theorem 3 . 1 . AutK(Al) = | A, 7 G K*, z G Z} ~ (K*)^ x Z where : X >->• 

XK^X, Y iiK~^Y, K 1—^ jK, E 1— XpL~^q~^'^K^'^E (and = XK'^ip). Furthermore, 

, 1 ' d , 11 ' d+j ^A,/i,7,Z ^A“i7^,/i~i7“^,7“^,—i- 

Proof. Using the defining relations of the algebra A, one can verify that G G for all 

A, /z, 7 G K* and z G Z. The subgroup G' generated by these automorphisms is isomorphic to the 
semi-direct product (K*)^ x Z. It remains to show that G = G'. Recall that the elements X and 
ip are normal in the algebra A. Let cr G G, we have to show that a G G'. 

By (20), there are two options either the ideals (A) and (p) are cr-invariant or, otherwise, they 
are interchanged. In more details, either, for some elements A, A' G K* and i,j G Z, 

(a) cr{X) = XK^X and a-{p) = X'K^p, or, otherwise, 

(b) <j{X) = XK^p and (j{p) = X'K^X. 

(i) (j{K) = 'yK for some 7 G K*: The group of units A* of the algebra A is equal to { 7 A® | 7 G 

K*, s G Z}. So, either a{K) = jK or, otherwise, a-{K) = for some 7 G K*. Let us show 

that the second case is not possible. Notice that KX = qXK and Kp = qpK, i.e., the elements 
X and p have the same commutation relation with the element K. Because of that it suffices to 
consider one of the cases (a) or (b) since then the other case can be treated similarly. Suppose that 
the case (a) holds and that (t{K) = 'yK~^. Then the equality a{K)a{X) = qa{X)a{K) yields the 
equality ■ XK^X = qXK'^X ■ 'yK~^ = qX^qK''~^X. Hence, = I, a contradiction. 

(ii) deg cr(y) = deg cr(A) = I: Recall that YE = q'~^{p — X) where q' := q~^ —q. By applying 
a to this equality we obtain the equality tT(y)cr(A) = q'~^a{p — X). Hence, deg [a(Y)a{E)) = 
deg (q'~^a{p — A)) = 2, in both cases (a) and (b). Thus, there are three options for the pair 
(deg cr(F), deg cr(£’)): (I, I), (0, 2) or (2, 0). The last two options are not possible since otherwise 
we would have a{Y) G K[A^^] or a{E) G K[A^^], respectively. Hence, a(Y)a{K) = a{K)a(Y) 
or a{E)a{K) = a{K)a{E), respectively. But this is impossible since YK A KY and EK A KE. 
Therefore, degcr(y) = degcr(£’) = I. 
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(iii) (j{Y) = aY and <j{E) = bE for some nonzero elements a,b Applying a to 

the relation KEK~^ = q^E we obtain the equality Ka{E)K~^ = q'^a{E). Since degcr(£') = 1, 
a{E) = feA+rtA+riF+ru for some elements 6, u, I), w € IK[Ar^^]. Using the relations ATAAT”^ = qX 
and KYK~^ = q~^Y, we see that u = v = w = 0, i.e., cr(A) = bE. Similarly, applying a to the 
relation KYK~^ = q~^Y^ we obtain the equality Ka(Y)K~^ = q~^a{Y). Since degcr(y) = 1, 
cr(y) = aY + u'E + v'X + w' for some elements a,u',v',w' € K[Ar=*=^]. Using the relations 
KXK~^ = qX, KYK~^ = q~^Y and KEK~^ = we see that u' = v' = w' = 0, i.e., 
cr(y) = aY. 

(iv) i = j (see the cases (a) and (b)): The elements X and ip commute, hence a{X)a((p) = 
a{(p)a{X). Substituting the values of cr{X) and cr{ip) into this equality yields = q~^ in both 
cases (a) and (b), i.e., i = j (since q is not a root of unity). 

(v) The case (b) is not possible: Suppose that the case (b) holds, i.e., a{X) = and 

a{p) = X'K’^X (see the statement (iv)), we seek a contradiction. To find the contradiction we use 
the relations qYX = XY and Yip = qpY. Applying the automorphism a to the first equality gives 
a{qYX) = qoY ■ XK^p = qaXq^K'^Yp and a{XY) = XK^p ■ aY = XKW{a)pY = XKW{a)q~^Yp 
where r is the automorphism of the algebra given by the rule t{K) = q~^K. Hence, 

T(a) = q^^^a, i.e., a = for some ( G K*. So, cr(U) = (K~^~'^Y. Now applying a to the 

second equality, Yp = qpY, we have the equalities cr(Yp) = (K~^~'^Y ■ X'K^X = (X'q^K~'^YX 
and a{qpY) = qX'K^X ■ (R-^-^Y = (X'q^+^R-^XY = (X'q^+^R-^YX. Therefore, = 1, a 
contradiction (since q is not a root of unity). This means that the only case (a) holds. Summarizing, 
we have cr^X) = XK^X, a{K) = 'jK, cr{p) = X'K'^p, cr(Y) = aY, and a{E) = bE. 

(vi) a = for some p G K* (i.e., <j(Y) = pK~^Y): Applying the automorphism a 

to the relation qYX = XY yields: a{qYX) = qoY ■ XK'^X = Xaq^K^qYX = Xaq^K'‘XY and 
a{XY) = XK^X ■ aY = XK'^T{a)XY. Therefore, T(a) = q^'a, i.e., a = pK~'‘ for some element 
peK*. 

(vii) b = (5Ar^* for some <5 G K* (i.e., o-(E) = SK^^E): Applying the automorphism a to 
the relation qXE = EX yields: a{qXE) = qXK^X ■ bE = XK^T{b)qXE = XK’‘T{b)EX and 
a{EX) = bE ■ XK^X = XK^bq~'^''EX. Therefore, r(&) = q~^^b, i.e., b = for some <5 G K*. 

(viii) 5 = Xp~^q~'^'^: Applying the automorphism a to the relation EY = X + q~^YE gives: 
a{EY) = SK^^E ■ pR-^Y = Spq^^R^EY = 5pq^^R\X + q-^YE) and a{X + q-^YE) = XR^X + 
q~^pR~‘^Y ■ SR'^^E = R^{XX + 5pq^"^q~^YE). Therefore, Spq^"^ = A, and the statement (viii) 
follows. The proof of the theorem is complete. □ 

Corollary 3.2. 

1. The prime ideals I := {0, (A), {p), (U), {E), (Y,E)'\ are the only prime ideals of A that are 
invariant under action of the group G of automorphisms of A (i.e., Gp — {p} for all p € I). 

2. If, in addition, K is an algebraically closed field, then each of the three series of prime ideals 
in Spec(Al) is a simple G-orbit. In particular, there are 9 G-orbits in Spec(Al). 

Proof. By Theorem 3.1, Gp = {p} for all p G I. Let a = then a{Z) = Xp'y~^q'^Z, a{C) = 

Xp'yq^G and cr{R) = 'yR. Now the corollary is obvious since p = (AT — a), q = {Z — (3) and 
r = (G — 7 ) for some a, /3, 7 G K*. □ 

4 Classification of simple unfaithful ^-modules 

The aim of this section is to classify all simple A-modules with non-zero annihilators. The set of 
simple A-modules are partitioned according to their annihilators which were described in Propo¬ 
sition 2.12. For each primitive ideal p of A, the factor algebra A/p is described by Theorem 
2.9. They are of the type R = D\t,t~^\a\ where G is a commutative Dedekind domain and the 
automorphism a of D are of two types (I) or (F), see below. For our purposes we need only (1) 
D = K[iL, (F) D = IK[iL] and in both cases <j{H) — qH where g G K* is not a root of 1. 
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Classification of simple i?-modules. Let us recall the classification of simple i?-modules where 
R = a], D is a commutative Dedekind domain and a satisfies one of the two conditions 

((I) or (F), see below). These results are very particular cases of classification of simple modules 
over a GWA D{(t, a) obtained in [5, 7, 8, 9, 10, 11, 12]. 

Let S = D \ {0} and k = S~^D be the field of fractions of the ring D. The ring i? is a subring 
of B := a]. The ring B = S~^R is a (left and right) localization of R at S. The ring B 

is a Euclidean ring and so is a principle left and right ideal domain. Every simple B-module is 
isomorphic to B/Bb for some irreducible element b £ B (i.e., b = ac implies either a or c is a unit 
in B). Two simple B-modules B/Ba and B/Bb are isomorphic iff the irreducible elements a and 
b are similar, i.e., there exists an element c € B such that 1 is the greatest common right divisor 
of b and c, and ac is the least common left multiple of b and c. 

Let G := (a) be the subgroup of Aut(B) generated by a. The group G acts on the set Max(L>) 
of maximal ideals of D. For each p € Max(B), ff{p) := {(T*(p) | z € Z} is the orbit of p. The set 
of all G-orbits in Max(L>) is denoted by Max(L>)/G. The orbit ^(p) is called an infinite or linear 
orbit if |i^(p)| = oo; otherwise the orbit ^(p) is called a finite or cyclic orbit. If ff{p) is an infinite 
orbit then the map Z —>■ i !->■ cr*(p), is a bijection, and we write cr*(p) < {p) if * ^ j- So, 

the total ordering of Z is passed to i^(p). This ordering does not depend on the choice of the ideal 
p in the orbit ^(p). 

Given elements a, 13 € I?\{0}, we write a < /3 if there are no maximal ideas p and q that 
belong to the same infinite orbit and such that a G p,/3 G q and p q. In particular, if a G D* 
is a unit of D then a < /3 for all /3 G B \ {0}. The relation < is not a partial order on D \ {0} as 
1 < 1. Clearly, a < /3 iff a^{a) < cr^{l3) for some/all j G Z. 

Definition. An element b = + t'^'^^Pm+i + • ■ • + GPn S R where Pi G D, m < n and 

Pm, /3n 0 is called an l-normal element if Pn < Pm- 

Definition. We say that the automorphism cr of D is of {\)-type automorphism, if all G-orbits 
in Max(Z?) are infinite. We say that the automorphism cr of D is of {¥)-type if there is a max¬ 
imal ideal p G Max(iD) which is cr-invariant (i.e., cr(p) = p), {p} is the only finite orbit and the 
automorphism a : D/p —J- D/p, d-\-p a{d) -Pp, is the identity automorphism (or equivalently, 
the factor ring i?/p = D/p[t,t~^-,a-\ is a commutative ring D/p[t,t~^]). The ideal p is called the 
exceptional ideal of D. 

Examples. 1. Let D = ]K[iL, and a-{H) = qH where q G K* is not a root of one. The 
automorphism a is of (I)-type. 

2. Let D = K[B] and a{H) = qH where g G K* is not a root of one. The automorphism a is 
of (F)-type. 

Let R be the set of isomorphism classes [M] of simple i?-modules M. Then 

R = i?(Z?-torsion) U B(Z?-torsionfree) 

is a disjoint union where i?(Z?-torsion) := {[M] G R \ S~^M = 0} and i?(I?-torsionfree) := {[M\ G 
R\S~^M ^ 0}. An i?-module M is called a weight i?-module if M is a semisimple D-module, 
i.e., 

M= 0 Mp 

pGMax(D) 

where Mp = {n G M | pz; = 0} is called the component of M of weight p. The set Supp(M) = {p G 
Max(Z?) I Mp 0} is called the support of the weight A-module M. It is also denoted Supp£,(M) 
and is called D-support if we want to stress over which ring D we consider weight modules. Every 
weight i?-module is Z?-torsion, but not vice versa. We denote by J?(D-torsion, infinite) and R{D- 
torsion, finite) the sets of isomorphism classes of simple, weight i?-modules with infinite and finite 
support, respectively. 

The next theorem classifies the simple, D-torsion i?-modules. 
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Theorem 4.1. 1. [6] Suppose that a is of (I)-type. Then the map 

Ma,x{D)/G — R{D-toision), ff(p) i-J- R/Rp, 
is a bijection with the inverse M i—>■ Supp(M). 

2. [9, 10] Suppose that a is of (F)-type. Then i?(il-torsion) = i?(Z)-torsion, infinite) U R{D- 
torsion, finite) is a disjoint union where 

(a) the map 

(Max(I?) \ {pD/G —5> ^(D-torsion, infinite), ^(p) i-J- R/Rp, 
is a bijection with the inverse M i—>■ Supp(M), and 

(b) R{D-tOTsion, finite) = R/{p) = D/p[t,t~'^]. 

The next theorem is about classification of simple, G-torsionfree i?-modules. 

Theorem 4.2. 1. [6] Suppose that a is of (I)-type. Then 

R{D-toTsioniTee) = | fl Bb] | 6 € i? is an Z-normal, irreducible element of -B|. 

The simple R-modules R/RCi Bb and R/RCi Bb' are isomorphic iff the B-modules B/Bb 
and B/Bb' are isomorphic. 

2. [9, 10] Suppose that a is of (F)-type. Then 

i?(B-torsionfree) = fl Bh\ | 6 e i? is an Z-normal, irreducible element of B such that 

R = Rp + RnBby 

The simple R-modules R/RCl Bb and R/RCi Bb' are isomorphic iff the B-modules B/Bb 
and B/Bb' are isomorphic. 

Classification of simple .4-modules with non-zero annihilators. The set .4 is a disjoint 
union 

i= □ i(p) (29) 

pgPrim(.4) 


where A (p) := {[M] G A \ ann^(M) = p}. Below, a description of the set A (p) is given for each 
nonzero primitive ideal p G Prim(.4). We use the description of Prim (.4) (Proposition 2.12), and 
so we have to consider case (a)-(e), see below. 

(a) Let p G Spec (KjiL^^J) \ {0} and P = {Y,E,p) G V. Then 

i ((F, B, p)) = {A/iY, E, p) K[B±i]/p}. (30) 

(b) Let p = (F). Then A/{Y) ~ U = cr] where cr{E) = q^E (Theorem 2.9. (2)) and 

the ideal (E) is the only height 1 prime ideal of the algebra U (see (20)). The element E is 
a normal element of the algebra U. The algebra U is the ring of (F)-type, where (E) is the 
exceptional ideal of IK[B]. 

Lemma 4.3. ((F)) = U (K[B]-torsion, infinite) U IJ (K[B]-torsionfree) (see Theorem 4.1.(2)) 

and Theorem /.2.(2)). 

Proof. The result follows from Theorem 4. 1.(2), Theorem 4.2. (2) and the fact that each simple 
module of the set U (IK[B]-torsion, finite) has annihilator strictly larger than (F). □ 
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(c) Let p = (E). Then A/{E) ~ r] where t{Y) = q (Theorem 2.9. (3)). The 

automorphism r of K[y] is of (F)-type where {Y) is the exceptional ideal of IK[F]. 

Lemma 4.4. Let R = r] where t{Y) = q~^Y. Then A{{E)) = i? (K[T]-torsion, 

infinite) U (K[y]-torsionfree) (see Theorem ^.1.(2) and Theorem 4-2. (2)). 

Proof. The result follows from Theorem 4. 1.(2), Theorem 4.2. (2) and the fact that each simple 
module of the set R (K[y]-torsion, finite) has annihilator strictly larger than (E). □ 

(d) Let p = (X, q) where q € Max (K[2'])\{(Z)}. By Theorem 2.9. (4), A/{X, q) ~ L^\Y^^][K^^\t] 
where t{Y) = q~^Y and so the automorphism r is of (I)-type. 

Lemma 4.5. Let R = L^\Y^^\[K^^]t\ where t{Y) = q~^Y. Then A (^{X, q)^ = R. 

(e) Let p = {ip, r) where r G Max (K[C'])\{(C')}. By Theorem 2.9. (5), Aj(p, r) cs L^\Y^^][K^^\ r] 
where t{Y) = q~^Y and so the automorphism r is of (I)-type. 

Lemma 4.6. Let R = L.^\Y^^\[K^^-,t\ where t{Y) = q~^Y. Then A{(pp,T)) = R. 

Let A (hn. dim.) be the set of isomorphism classes of simple finite dimensional M-modules. 

Theorem 4.7. 

M(fin.dim.) = {M/(r,L;,p)-]K[X±i]/p|p G Max(K[X±i])} = |J A{P). 

p&v 

Proof. A finite dimensional module over an infinite dimensional algebra has necessarily nonzero 
annihilator. Among the simple modules with nonzero annihilators, the modules described in (30) 
are the only finite dimensional ones. □ 

For a module M, GK (M) is its G elf and-Kirillov dimension. 

Corollary 4.8. The Gelfand-Kirillov dimension of all simple, unfaithful, infinite dimensional 
A-modules is 1. 

Proof. The statement follows from the above classification of simple, unfaithful, infinite dimen¬ 
sional M-modules. □ 

5 Classification of simple weight-torsion ^-modules 

Let D = 'K\K,K~^\. The aim of this section is to give a classification of the set M(D-torsion) of 
isomorphism classes of simple L)-torsion M-modules (Theorem 5.2 and Theorem 5.5). As a result, 
a classification of the set .4(weight) of isomorphism classes of simple weight A-modules is obtained 
by showing that A(D-torsion)= A(weight) (Lemma 5.1). 

For the algebra D = K[Ar, K~^\, let D° := D\ {0}. It is obvious that the set D° is a left and 
right Ore set of the domain A. An A-module M is called a D-torsion A-module if {D°)~^M = 0. 
An important case of D-torsion A-modules are the weight A-modules. 

Let M be a weight A- module. For each p G Supp(M), Mp is the sum of all the D-submodules 
of M that are isomorphic to the D-module D/p. If K is an algebraically closed field then 
Max(D) = {{K — p)\p G K*} and M(^x-fi) = {u G M\Kv = pv}. The algebra A admits 
the inner automorphism ujk '■ a KaK~^. Each of the canonical generators K^^, E, X and Y of 
the algebra A are eigenvectors of the automorphism ujk with eigenvalues, 1, q and q~^, respec¬ 
tively. So, the algebra A = Ai is a Z-graded algebra where Ai := {a G A | u)k{o) = ^ 0 

and Ao is the centralizer Ca{K) = {a G A | Ka = aK} of the element K in A. 

Let tr G AutK(D) where <j{K) = qK. For all G Ai, Koi = ujK{ai)K = Oiq^K = aia^{K). 
Therefore, for all d G D, dui = aia^{d). If M = 0Mp is a weight A-module then 

A*Mp CM,-i(p). (31) 
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So, each weight ^-module M is a direct sum of .4-submodules 

M = 0 M(^), M(^) := 0 Mp, (32) 

^eMax(D)/(CT) p&e 

where Max(£))/(cr) is the set of (CT)-orbits G in Max(_D) (where G = {cr®(p) \ i € Z}). 

By (32), if M is a simple weight .4-module then necessarily Supp(M) C G for some orbit G. 

In fact, for each simple infinite dimensional weight .4-module M, Supp(M) is an orbit (Corollary 
5.6). For each p S Max(I?), the .4-module 

4l(p) := A D/p = Ai < 8 )d D/p 

is a weight yl-module with Supp(.4(p)) = G(p) = {cr*(p) \ i £ Z} and .4(p)CT-i(p) = A D/p. 
Since Ad is a free right D-module, .4(p) ~ A/Ap. 

Lemma 5.1. .4 (weight) = .4 (H-torsion). 

Proof. Clearly, .4 (weight) C (L)-torsion). The opposite inclusion follows from the fact that 
every simple Z)-torsion Amodule M is an epimorphic image of the weight Amodule .4(p) for 
some p £ Max(Z)). Hence, M is weight. □ 

Let 

Prim (.4, Z?-torsion) := {annx(4f) \M £ .4 (Z?-torsion)}. 

For each primitive ideal p S Prim (A), let A (Z?-torsion, p) := {M £ A (H-torsion) | ann.!i(M) = p}. 

For each non-empty subset S C Prim (.4), let 

.4 (L>-torsion, S') := .4 (D-torsion, p). 

pes 

The set A (Z?-torsion, p) where p £ Max (M)- The next theorem shows that Prim(M, D-torsion) = 
Max(M) U {0} and gives an explicit description of the sets .4 (Z3-torsion, p) for all p £ Max(M). 

Theorem 5.2. Let D = IIC[iF, 

1. Prim (M, I?-torsion) = Max(4l) U {0}. In particular, we have M(Z?-torsion, (T)) = 0 and 
.4(D-torsion, (FI)) = 0. 

2. Recall that Max(M) =V U Q U TZ. Then 

(a) M (D-torsion, 7^) = .4 (fin. dim.). (See Theorem 4.7 for a classification.) 

(b) .4 (D-torsion, Q) = .4 (D-torsion, p). For each p = (X,q) e Q where q £ 

Max(K[Z]) \ {(Z)}, A/p ~ where p is an L^-automorphism of the 

polynomial algebra Dq := Lq[K^^\ given by the rule p{K) = qK and .4 (Z7-torsion, p) = 
.4/p (Hq-torsion). The map 

Ma.x{Dq)/{p) —M/p Torsion), G{m) (M/p)/(M/p)m, 
is a bijection with the inverse M i—> Supp^^(M). 

(c) .4 (D-torsion, 7^) = |Jpg.^ .4 (77-torsion, p). For each p = (<p>,r) e TZ where x £ Max(K[C'])\ 
{(C)}, A/p ~ L,[7F±i][F±i;p] where p is an Lx-automorphism of the polynomial alge¬ 
bra Dx '.= Lx[K^^\ given by the rule p{K) = qK and A (77-torsion, p) = A/p (77^-torsion). 
The map 

Max(77r)/(p) —M/p (77r-torsion), G{m) >-£ (M/p)/(M/p)m, 
is a bijection with the inverse M i—> Supp^^(M). 
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(d) The set (Z?-torsion, 0) ^ 0 is described in Theorem 5.5. 

Proof. By Proposition 2.12, Prim (yl) = Max(yl) U {(F), {E), 0} and Max(yl) = 'P LI Q U 72., by 
Corollary 2.10. 

(a) The statement (a) is obvious. 

(b) Let p = (X, q) € Q where q e Max(K[2']) \ {{Z)}. Since is a finite field extension 
of K, i.e., dimK(L(,) < cxd, we have the equality Ll/p(i7q-torsion) = ^(H-torsion, (X, q)) and the 
statement (b) follows from Theorem 4. 1.(1). 

(c) The statement (c) is treated almost identically to the statement (b) (with obvious modifi¬ 
cations). 

(i) ^(H-torsion, (F)) = 0 : The algebra A/{Y) is isomorphic to the algebra U = D[E; r] where 

t{K) = q~^K. So, ^(U-torsion, (F)) = U{D-torsion, 0). For each p £ Max(i7), the C-module 
U{p) := U/{p) ® contains the largest submodule 17(p)+ <8) D/p and 

the factor module U{p)/U{p)+ ~ D/p is simple with non-zero annihilator generated by the normal 
element E of U, and the statement (i) follows. 

(ii) ^(H-torsion, (i?)) = 0 : By Theorem 2.9. (3), A/{E) ~ i7[F;T] where t{K) = qK. The 
statement (ii) follows from the statement (i) by replacing by q. 

Now, statement 1 follows from the statements (i) and (ii). □ 

The centralizer of K in A. Now, we describe the centralizer Ca{K) of the element K in 
the algebra A. Recall that Ca{K) = {a € A\Ka = aK}. Note that is a Z-graded algebra 
A = (Bi&zAi, where Ai = {a £ A \ KaK~^ = q'a}. We see that Ca(,K) = Ao. 

Proposition 5.3. Let t :=YX and u :=Y(p, then Aq = 0 A *s the tensor product of two 

algebras where A := K(t,tt | tu = q^ut) is a quantum plane, and Z{Ao) = ]K[7L^^]. 

Proof. Notice that the quantum plane Kg[Ar,F] is a Z-graded algebra ]Kq[W,F] = 
where wq := 1, for j ^ 1, Wj = W and W-j = YE Notice further that U = 0 
Since A=U ® Kq[X, F] (a tensor product of vector spaces), 

^ = 0K[A:±i]£;*(g)0IK[t]r(;j = 0 K[K^^,t]E^Wj 

ieN jez ieN,iGZ 

= 0 K[A:±\f]F;*W© 0 K[K^^,i\E^YE 

i,j^0 

Therefore, Aq = 0^^^= ^.^^^K[K^^,t]{EY^y. Then Ao = K(K^^, t, EY"^). 
Since EY"^ = see that Aq = IK(A'=*=^, t,Yip) = K[7L=*=^] ® A as required. 


Now, Z{Aq) = ]K[A:±1] (g) F(A) = K[K^y © K = K[K^y. □ 

The set .4 (I?-torsion, 0). Recall that D = a £ Aut]K(i7) where a'(K) = qK and 

.4o = 77 (g) A is a tensor product of algebras. Then 

Ay =AolY^^;a] (33) 

where a{K) = qK, aft) = q~^t and a{u) = qu. Clearly, 

Ay,x,^ = AY,t,u = (77 (g) Ai,„)[F±i; a] = AQ,t,u[Y^^]cj] (34) 


where 7lo,i,u = iAo)t,u is the localization of Aq at the powers of the elements t and u. The inner 
automorphism ujy '■ a i-^ YaY~^ of the algebra Ay,x,ip preserves the subalgebras Aq and Ao^t,u 
since 

u!y{K) = qK, wy(t) = q~^t and ojy{u) = qu. (35) 

So, ujy S AutK(7lo) and ujy G AutK(.4o.t,u). Clearly, (wy)® = wyi for all 7 € Z. 
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The group (cr) acts on the maximal spectrum Max(Z?) of the algebra D. For each p G Max(D), 
the orbit ^(p) := {cr*(p)|z G Z} is infinite. The set of all (cr)-orbits in Max{D) is denoted 
by Max(Z))/(cr). For each orbit we fix a representative p = pe of G. Then the factor al¬ 
gebra Acjif?) — Djp® h. = D/p{t,u\tu = q^ut) is the quantum plane over the field D/p. Let 
D/p 0 A(oo-dim.) be the set of isomorphism classes of simple infinite dimensional D/p(g)A-modules. 
A classification of all simple A-modules is given in [9], [10] and [11]. In particular, the map 

D/p 0 A(oo-dim.) —J- D/p (g) At,„ (soc_D/p,g,A ^ 0), [A^] M- [A^t,„], (36) 

is a bijection with the inverse M socd/p^a{M). 

For each [N] G D/p 0 A(cxD-dim.), the vector space A^{N) := K[F, Y~^\ 0 N = 0jgz 0 N 
admits a structure of ^-module given by the rule (where v G N): 

K{Y^ 0v) = q-^Y^ 0 Kv, r(y* (g) w) = 0 v, 

ft ^nt _ n^f 

X{Y^0v) = q^Y^-^0tv, E{Y^ 0v)=Y^-^ 0^-^^ — ^v. (37) 

q -q 

One can verify this directly using the defining relations of the algebra A or, alternatively, this 
will be proved in the proof of Theorem 5.5. This construction gives all the elements of the set 
^(D-torsion, 0) (Theorem 5.5). 

Lemma 5.4. Let M be a simple weight A-module. If My = 0 then XM = 0, and so ann^(M) 

0 . 

Proof. Suppose that My = 0. Then N := {m € M j Fm = 0} is a nonzero K[A'=*=^]-submodule 
of M. Hence, there exists a nonzero weight vector, say v, such that Yv = 0. Then Av = M, by 
the simplicity of the .4,-module M. Then M := AXv is a submodule of M such that N ^ M. 
Therefore, A/" = 0 (since M is a simple ^-module), and the lemma follows. □ 

Let i? be a ring and M be a left i?-module. Let a be an automorphism of R. The twisted 
module M’^ is a module obtained from M by twisting the action of i? on M by tr, i.e., r-m = a{r)m 
tor r G R and m G M. The next theorem describes the set A (D-torsion, 0). 

Theorem 5.5. Let D = ]K[Ar, K~^\ and a G Aut]K(D) where u{K) = qK. Then 

1. .4 (D-torsion, 0) = [J (D-torsion, 0, i^) where .4 (D-torsion, 0, ^) := {[M] G 

& GMax(Z)) / (cr) 

A (D-torsion, 0) ] Supp(M) = G}. 

2. For each orbit G = G(p) G Max(D)/{cr) where p = p^ is a fixed element of G, the map 

D/p (g) A(oo-dim.) —.4 (D-torsion, 0, ^), [N] i-> [,A^{N)\, 

is a bijection with the inverse AT i—>■ A/,. 

3. For all [M] G .4 (D-torsion, 0), GK (M) = 2. 

Proof. 1 and 2. The algebra .4 is a subalgebra of the simple algebra Ay^x,<p = Ayu,u = (D 0 
4t,u)[F^^; cr] (Lemma 2.3. (2)). Let [M] G .4 (D-torsion, 0). Since the elements X and (p are 
normal in A, torx,(p(M) = 0 (otherwise, either XM = 0 or pM = 0, a contradiction). Now, by 
Lemma 5.4, the 4l-module M is (Y, t, u)-torsionfree. So, the map 

.4 (D-torsion, 0) —>■ Ay^t.u (D-torsion, soc^ ^ 0), [M] >->• [My^t,u], (38) 

is a bijection with the inverse [N] i—>■ [socx(A^)] where the condition soc^ ^ 0 means that an 
'4y^t_u-module has non-zero socle as an .4-module. Since q is not a root of 1, the centralizer 
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Therefore, every module V € 


of the element K in AY,t,u = (D 0 tr] is D 0 At^u- 

AY,t,u (I?-torsion, soc^ ^ 0) is of the type 

F = AY,t,u N' = K[F±1] 0 AT' ^ 0 0 TV' 

iez 


for some N' € Z?/p 0 At^u where p € Max(_D). In more detail, the D-module N' is a direct sum 
of copies of D/\). For each i G Z, the left I?-module F* 0 iV' is a direct sum of copies -D/tT*(p) 
(since cr'(p)(F® O N') = Y^p (g) = F® O pA^' = 0). The ideals {cr®(p) \ i €Z} are distinct (as q is 

not a root of 1). Therefore, the D-modules F® (g> N' and F-l (g> N' are not isomorphic for all i ^ j. 
Any nonzero submodule M' of the ^-module AY,t,u ®D®Kt,u Af' = 0igz ® Af' is necessarily of 
the form ©jgj some I C Z where for each i £ X, Li is a nonzero ^o,t,u-submodule of the 

simple module F® (g) A^'. Therefore, Li = F® (g) A^' for all i € X. Then necessarily / = Z, i.e., 

M' = AY,t,u Af'- 

The action of the elements K,E,X and F are given by (37). In more detail, notice that 


EY = 


q ^ip-qX 
- q 


(39) 


since EY = t-p + qYE = ip + q^{EY — X) and the equality (39) follows. Then 


F;(F® ®v) = EY ■ F®-1 


®v = 


q V-gX 
g-i-g 


<g V 




q '‘P — q^X 
q-^ - q 


®V = F®-2 


q-^u - qH 

—^1 -^ 

q -q 


Notice that Supp(F) = ^(p) as Fo.i(p) = F® (g A^' 0 for all i G Z. By (36), we may assume that 

N' = Nt^u where N S D/p (g A(oo-dim.). Then by (37), the direct sum A^{N) = 0,^2 Y'- ® N is 

an ^-submodule of V. The ^o-module N is simple, hence so are the .Ap-modules F® (g A^ ~ . 

Therefore, soc^(F) = yY(N). Since Supp(soc^(F)) = ^(p) as soc^(F)CTt(p) = F® g A^ ^ 0 for all 
i G Z, statement 1 follows. 

Clearly, V = AY,t,u®Ao,t,^A[' = AY,t,u<SiAo,t,uAft,u = AY,t,u®Ao,t,u^o,t,u®AoAf — AY,t,u®AoA!- 
Two simple H-torsion modules V ~ AY,t,u 0Ao Af and Lf ~ AY,t,u < 8 i. 4 o L are isomorphic where 

[N] G D/p®A and [L] G H/q® A iff 0 := Supp(F) = Supp(C/) and .Ao.t.u^p — Ao.t.u^v where 
p = p^ is a fixed element of the orbit 0 and Ao^t,u = {Ao)t,u- 

Since Fp = Nt^u and Up = C/cr^q) = F® g Lt^u — where p = cr®(q) for some i G Z, the 

simple .Ao,t,«-modules Vp and Up are isomorphic iff the simple ^p-modules soCytj,(Fp) = N and 
socAo{Up) = socao{L^/^~') ~ L^y-' are isomorphic. Now, statement 2 follows. 

3. Statement 3 follows from statement 2 and the fact that GK {N) = I for all [N] G 
U/p g A(oo-dim.). □ 

So, Theorem 5.2 and Theorem 5.5 give an explicit description of the set .A (weight) = A{D- 
torsion) (see Lemma 5.1). 

Corollary 5.6. Let [M] G .4 (weight, oo-dim.) 

1. Supp(M) is a single orbit in Ma'x{D)/{a). 

2. ann_ 4 (M) ^ 0 iff dimK(Mp) < oo for all p € Supp(M). In this case, the dimension 
dimK(Mp) is the same for all p G Supp(M); and if, in additional, K is an algebraically 
closed field. Then dimK(Mp) = 1 for all p G Supp(M). 

Proof. The result follows at once from the classification of simple weight .4-modules. □ 
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